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Approximation and relaxation of perimeter in the Wiener space 

M. Goldman * M. Novaga ■•■ 



Abstract 



We characterize the relaxation of the perimeter in an infinite dimensional Wiener 
f^^ I space, with respect to the weak L^-topology. We also show that the rescaled AUen- 

Cahn functionals approximate this relaxed functional in the sense of F-convergence. 



1 Introduction 



< 

rG • Extending the variational methods and the geometric measure theory from the Euclidean 

Cd . to the Wiener space has recently attracted a lot of attention. In particular, the theory of 

functions of bounded variation in infinite dimensional spaces started with the works by 
Fukushima and Hino [211 I22j . Since then, the fine properties of BV functions and sets 
of finite perimeter have been investigated in [H [Sj O [1] . We point out that this theory is 

^ '. closely related to older works by M. Ledoux and P. Malliavin p6l[27]. 

^vq I In the Euclidean setting it is well-known that the perimeter can be approximated by 

Cn ■ means of more regular functionals of the form 






£ 



when s tends to zero, in the sense of F-convergence with respect to the strong L^-topology 
[291128]. An important ingradient in this proof is the compact embedding of BV in L^. 
^ ' A natural question is whether a similar approximation property holds in the infinite 

dimensional case. The main goal of this paper is answering to this question by computing 
the F-limit, as e — t- 0, of the Allen-Cahn-type functionals (see Section [2] for precise 
definitions) 
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In the Wiener space there are two possible definitions of gradient, and consequently two 
different notions of Sobolev spaces, functions of bounded variation and perimeters [UlI]- 
In one definition the compact embedding of BVj{X) in L}^{X) still holds [H Th. 5.3] and 
the F-limit of Fg is, as expected, the perimeter up to a multiplicative constant. We do 
not reproduce here the proof of this fact, since it is very similar to the Euclidean one. 
A more interesting situation arises when we consider the other definition of gradient, 
which gives rise to a more invariant notion of perimeter and is therefore commonly used 
in the literature [211 ESI Sj. In this case, the compact embedding of BVy{X) in L}^{X) 
does not hold anymore. In particular sequences with uniformly bounded F^-energy are not 
generally compact in the (strong) L;^-topology, even though they are bounded in L'^{X), 
and hence compact with respect to the weak L^(X)-topology. This suggests that the right 
topology for considering the F-convergence should rather be the weak L^(X)-topology. 
A major difference with the finite dimensional case is the fact that the perimeter function 
defined by 

F{u) = \ 

{ +00 otherwise 

is no longer lower semicontinuous in this topology, and therefore cannot be the r-limit of 
the functionals F^ . The problem is that the sets of finite perimeter are not closed under 
weak convergence of the characteristic functions. However, it is possible to compute the 
relaxation F of F (Theorem 14. 6p . which reads: 



F(u) 



j I ^luHv)^^\ixy(^d-i ifo<u<i 

y +00 otherwise. 



Such functional is quite familiar to people studying log~Sobolev and isoperimetric in- 
equalities in Wiener spaces [U 13 110] . 

Our main result is to show that the F-limit of F^, with respect to the weak L^(X)- 
topology, is a multiple of F (Theorem 15. 3p . The proof relies on the interplay between 
symmetrization, semicontinuity and isoperimetry. 

The plan of the paper is the following. In Section[2]we recall some basic facts about Wiener 
spaces and functions of bounded variation. In Section [3] we give the main properties of 
the Ehrhard symmetrizations. We also prove a Polya-Szego inequality and a Bernstein- 
type result in the Wiener space (Propositions 13.121 and 13. Sp . which we believe to be 
interesting in themselves. In Section SI we use the Ehrhard symmetrization to compute 
the relaxation of the perimeter (Theorem 14. 6p . Finally, in Section [5] we compute the 
F-limit of the functionals Fg, (Theorem 1 5. 3 p and discuss some consequences of this result. 
Ackno'wledgements: The authors wish to thank Michele Miranda for valuable discus- 
sions. The first author would like also to thank the Scuola Normale di Pisa for the kind 
hospitality, and Luigi Ambrosio for the invitation and the interest in this work. 



2 Wiener space and functions of bounded variation 

A clear and comprehensive reference on the Wiener space is the book by Bogachev [8] 
(see also [22] )• We follow here closely the notation of [5]. Let X be a separable Banach 
space and let X* be its dual. We say that X is a Wiener space if it is endowed with a 
non-degenerate centered Gaussian probability measure 7. That amounts to say that 7 
is a probability measure for which x*'^^ is a centered Gaussian measure on M for every 
X* G X* . The non-degeneracy hypothesis means that 7 is not concentrated on any proper 
subspace of X. 

As a consequence of Fernique's Theorem [HI Th. 2.8.5], for every x* € X* ^ the function 
R*x*{x) = {x*,x) is in ^^(X) = L'^{X,-f). Let TL be the closure of R*X* in L^(x); the 
space T-L is usually called the reproducing kernel of 7. Let R, the operator from T-L to X, 
be the adjoint of R* that is, for h & Ti, 



Rh = / xh{x) d'y 
Jx 



where the integral is to be intended in the Bochner sense. It can be seen that i? is a 
compact and injective operator. We will let Q = RR* . We denote by H the space Rl-L. 
This space is called the Cameron-Martin space. It is a separable Hilbert space with the 
scalar product given by 

[hi,h2\H = {hi,h2)^(x) 

if hi = Rhi. We will denote by | • |iif the norm in H . The space H \s a. dense subspace of 

X, with compact embedding, and "){H) = if X is of infinite dimension. 

For x*, ..,xj„ G X* we denote by 11^.*^ .j,.* the projection from X to M™ given by 

Ii-xi,..,x*^{x) = {{x\,x),..,{x*^,x)). 

We will also denote it by 11^ when specifying the points x* is unnecessary. Two elements 
x\ and X2 of X* will be called orthonormal if the corresponding hi = Qx* are orthonormal 
in H. We will fix in the following an orthonormal base of H given by hi = Qx*. 

We also denote by Hm = span(/ii, .., /im) ~ M™ and X^ = Ker(nm) = H;^ , so that 
X = R'" © X^. The map 11^ induces the decomposition 7 = 7^ ^ 7^, with 7^, 7^ 
Gaussian measures on R'", X^ respectively. 

Proposition 2.1 ([8]). Let hi, ..,/im be inH. then the image measure ofj under the map 

^hi,..:h^(^) = {Mx),.-,K^{x)) 

is a Gaussian in R"^. If the hi are orthonormal, then such measure is the standard 
Gaussian measure on R"*. 



Given u G L^(X), we will consider the canonical cylindrical approximation E^, given by 



Emu{x) = u{Um{x),y)d'y^{y). 

Notice that E^w is a cylindrical functions depending only on the first m variables, and 

EmU converges to u in L^(X). 

We will denote by FC^{X) the space of cylindrical C^ bounded functions that is the 

functions of the form v(Jl.rn{x)) with v a C^ bounded function from M™ to M. We denote 

by J-Cl{X,H) the space generated by all functions of the form ^h, with <l> € FCl{X) 

and h e H. 

We now give the definitions of gradients, Sobolev spaces functions of bounded variation. 

Given u : X — ?• M and h = Rh G H, we define 

du , . , u(x + th)—u(x) 



dh t->o t 

whenever the limit exists, and 

We define Vhu : X ^ H, the gradient of u by 

+00 „ 

and the divergence of ^ : X ^ H hy 

+00 



dw^'^ = Y,dl['^,h^]H. 



i=l 



The operator div^ is the adjoint of the gradient so that for every u G J-"C^(X) and every 
$ G J-Cl{X,H), the following integration by parts holds: 

/ ndiv^$(i7 = - / [Vi/u, •^Jh^T- (1) 

Jx Jx 

The Vh operator is thus closable in -L^(X) and we will denote by H}^{X) its closure in 
L'^(X). From this, formula (HD stih holds for u G H}^{X) and $ G TCl{X,H). 
Following mm], given u G -^^^(X) we say that u G BV^{X) if 

/ iD^n]/^ = sup<^ / udiv^$(i7; $ G J"C^(X,i7), |$|h < 1 Vx G X I < +00. 



We will also denote by \D^u\{X) the total variation of u. If u = xe is the characteristic 
function of a set E we will denote P'y{E) its total variation and say that E is of finite 
perimeter if P^{E) is finite. As shown in |3] we have the following properties of BV:y{X) 
functions. 

Theorem 2.2. Let u G BV^{X) then the following properties hold: 

• D-yU is a countably additive measure on X with finite total variation and values 
in H (we will note the space of these measures by Ai{X,H)), such that for every 
$ G J^Cl{X) we have: 



Jx ^ Jx 



where fj,j = [hj,D^u]H. 

• \Dyu\{X) = inf lim{/^ |V//Uj|//(i7 : Uj G H}^{X), Uj -^ u in Ll^{X)}. 

Proposition 2.3. Let u = ^(11^) he a cylindrical function then u G BV^[X) if and only 
ifve BV^^^iR""). We then have 



\D^u\h = / \Dy^v\. 
Proposition 2.4 (Coarea formula [2]). If u & BV^{X) then for every borel set B C X, 



\D^u\{B)= f P^{{u>t},B)dt. (2) 

Jr 



In Proposition I3.12| we will need the following extension of Proposition 12.41 

Lemma 2.5. For every function u G BV^{X) and every non-negative Borel function g, 

f g{x)d\D^u\{x) = f ( f g{x)d\D^XEMx)) dt (3) 

J X ./M \J X J 

where Et := {u > t}. 

Proof. The proof of this lemma mimic the standard proof in the Euclidean case [141 
Th.2.2]. By |20l Ch.l,Th.7] we can write g as 



+ 00 ^ 

9 = 12-^A, 



i=l 



X — I 



where the Ai d X are Borel sets. Using the coarea formula ([2]), we then get 

+00 ^ 
g{x)d\D^u\{x) = ^-\D^u\{Ai) 

i=l 

+00 ^ „ 

g{x)d\D^XEt\{x)dt. 



D 

In [3] it is also shown that sets with finite Gaussian perimeter can be approximated by 
smooth cylindrical sets. 

Proposition 2.6. Let E C X be a set of finite Gaussian perimeter then there exists 
smooth sets Em C W^ such that Il^{Em) converges in Li,(X) to E and P~^(Ii'^{Em)) = 
P-y^{Em) converges to P-y{E) when m tends to infinity. 

Note that, for half-spaces, the perimeter can be exactly computed [H Cor. 3.11]. 

Proposition 2.7. Let h = Rh £ H and c G M then the half-space 

E = {x e X : h{x) < c} 

has perimeter 



P,(E, 1 .-^ 



3 The Ehrhard symmetrization 

The Ehrhard symmetrization has been introduced by Ehrhard in [T2] for studying the 
isoperimetric inequality in a Gaussian setting. We recall the definition and the main 
properties of such symmetrization. 

Definition 3.1. We define the functions $ and a by 

$(x) = —= I e~^ dt and a{x) = ^^^{x). 
v27r J -00 

1 _a\x)_ 

we then let Uix) = $ o a{x) = —r^=e 2 . 



Notice that $(t) is the volume of the half-space {h{x) < t} and that l/({x) is the perimeter 
of a half-space of volume x. 

Lemma 3.2. Let hi, /12 G Ti, with |/ii|/f = \h2\H = 1. o.iT'd suppose that there exist 
Ci, C2 G M such that 

{h < Ci} C {h2 < C2}. 

Then hi = /i2- 

Proof. Assume by contradiction hi / /12, and let r/ > be such that \hi — /i2|l2(x) ^ V- 
We shall bound from below by a positive constant the quantity 

7 {{hi{x) < Ci] n [h2{x) > C2}) 
thus contradicting the inclusion 

{/ll<Ci}c{/l2<C2}. 

Letting h he a unitary vector in H orthogonal to hi, we can write 

/i2 = A/ii + /3/i 

with A^ + /3^ = 1. Up to exchanging h with —h, we can also assume that /3 > 0. We then 
have \hi — /i2|_f/ = 2(1 — A) and thus — 1 < A < 1 — ^. 
Let us first suppose that — 1 < A < — ^, then 

|/ii(x) < min (Ci, -y") I n {h{x) > 0} C {hi{x) < Ci} n {/i2(x) > C2} . 

As hi and /i are orthogonal we have 11^ ^(J7 = 72 and thus 

l(x) < min(C7i, -^)| n {h{x) > o]] = ^$(min(C7i, -C2/X)) 

> ^<^{mm{Ci,2C2)). 
Hence, for — 1 < A < — ^, 



1 <hi 



7 



({/ii(x) < Ci} n {/i2(x) > C2}) > ^ a>(min(Ci, 2C2)). 



If now — 2<A<1 — ^,we can assume that rj is such that 1 — 2 — 2- -^^^ ^^^ start by 
computing the Fourier transform of 11^ ^ tt7- Denoting by fl the Fourier transform of a 
measure jj, (see [El Sec. 1.2]) and letting 11 := 11^ ^ , for every (^1,^2) S I^^ we have 

I\ffizi,Z2)= [ e*^-"cintJ7(x) 

X 

X 

^i[{zi+Z2X)hi(x)+Z2l3h{x)]y/^\ 
X 

72(21 + AZ2,/3Z2) 

e 2L 



-i[2:2+z2+2A2i22] 



Thus, if we set K := i j , we have ntJ7(z) = e 2^ ^. It follows that ntJ7 is a 

centered Gaussian measure with density — /, ,^ e~2^ ^ and thus 



ZTT 



We now compute 

7 {{hi{x) < Ci} n {/i2(x) > C72}) = / X{/i,(^)<Ci}(^)X{/,2(^)>c2}(^)^7(a;) 

X{z^<Ci}{z)x{z2>C2}{z) rfntJ7(z) 



/ e^2K+^2-2A^i^2j^2^^^2 

-00 Jc2 27r 



^ /3 /-^l /■+°° _1,2 _1,2 

27rV4 



>^\l^l I e-t^ie-2^2e^^i^2^^^, 



1U22- 
00 ./C2 



Finally, when XziZ2 > 0, we can bound e ^^^2 from below by 1, and when XziZ2 < we 
can bound it form below by e~2l^i^2| gQ that we can always bound from below 



l[{hi{x)<Ci}n{h2{x)>C2}) 



by a positive constant. 

We now define the Ehrhard symmetrization. 



n 



Definition 3.3. Let E C X and let ?n, G N. The Ehrhard symmetral of E along the first 
m variables is defined as (see FigureU^: 



E* :-- 



{{x,Xm,x:^) G M™ 1 X M X X^ : Xm. < a{Em-iXEix))} if m > 1 



{x£ X : {xl,x) < a(7 (£;))} 



if 771 = 1. 




Figure 1: The Ehrhard symmetrization. 

The interest of this symmetrization is that it decreases the Gaussian perimeter, while 
keeping the volume fixed. 

Proposition 3.4. Let E be a set of finite perimeter and E* be an Ehrhard symmetral of 
E, then 

j{E*)=^{E), (4) 

Em-iXE* = Em-iXE and 

P,iE*) < P,iE). (5) 



In particular, we have the isoperimetric inequality 

with equality if and only if E is a half-space. 

For the proof we refer to [71[T0], and to [1] for the extension to infinite dimensions. 

We can also prove a stronger result which is a kind of Bernstein Theorem in this setting. 

Proposition 3.5. The half-spaces are the only local minimizers of the Gaussian perimeter 
with volume constraint. 

Proof. Let E d X he a local minimizer of the (Gaussian) perimeter and let u = 7 {E). 
This means that, for every i? > and every set F of finite perimeter, with 7 [F) = v and 
EAF C Bn (where Bji denotes the ball of radius R centered at 0), we have 

P,iE) < R,{F). 

If E is not an half space then, by Proposition 13.41 there exists rj > such that 

P^{E)>U{v) + r]. 

Let Or be such that 

-/{EnBR)=-f{{{xl,x) <aR}nBR). 

We have that ur tends to a{v) when R goes to infinity and P^{{{xl,x) < a^}) tends to 
Pj{{{xl,x) < a{v)}). Letting 

Fr = {{{xl,x) < aR} n Br) U{En B%) 

we get 

U{v) + 7]< P^{E) < P^{Fr) < P,{{{xl,x) < aR} n Br) + P^{E n B'ji) 

< Pj{{{xl,x) < aR}) + P^{Br) + P^{E n B%) 

<P^{{{xl,x)<a{v)})+e{R) 

= U{v) + e{R), 

where we used various time the inequality (see |23| ) 

P^f{E UF) + P^{E r\F)< P^{E) + P^{F) 

and where e{R) is a function which goes to zero when R goes to infinity. We thus found 
a contradiction. D 

10 



Remark 3.6. In the Euclidean setting, half-spaces are the only local ininimizers of the 
perimeter only in dimension lower than 8 (see [23]). Notice also that if we drop the 
volume constraint, half spaces are no longer local minimizers for the Gaussian perimeter, 
since there are no nonempty local minimizers. 

In the sequel we will also need another transformation which from a finite dimensional 
function gives an Ehrhard symmetric set whose sections have volume prescribed by the 
original function. More precisely: 

Definition 3.7. Given a measurable function v : M™ — )• [0, 1], we define its Ehrhard set 
ESm{v) CX by 



ESr 



,{v) := i^{x,Xm+i,x:^^i) G M™ x M x X^^^ : Xm+i < a{v{x))j 



Given a measurable cylindrical function w : X — )• [0, 1] depending only on the first m 
variables, that is, u = v o 11^ for some v : M™" — )■ [0, 1], we set 

ESm{u) := ESm{v). 

The link between Ehrhard sets and Ehrhard symmetrization is the following: 

Proposition 3.8. Let E be a set of finite perimeter and E* be its Ehrhard symmetrization 
with respect to the first (?n + 1) variables, then 

E* = ESr,^{^.^{XE))- 

In the next proposition we compute the perimeter of Ehrhard sets. It slightly extends a 
result in [T5l. 



Proposition 3.9. Let u G BV^^{W^) with < n < 1, then 



P^{ESm{u)) = / Ju^af + \D~^ d^rn 

where 

I Ju{uY + \D^^u\'^d-fm = I \/U{uf + |Vn|2 d^m + \E)l,u\{X) 

and DyU = Vu7 + D^u is the Radon-Nikodym decomposition of D^u. 

Proof. By \lb\ Th. 4.3] the result holds for u £ H}.^^^(W^). We will show by approximation 
that the same holds for u G BKy„^(R'"). 

Let E = ESmiu), then we can find sets En such that 'y{EnAE) — t- and P.y{En) — ?• P'yiE) 
as 77, — )• +00, and all the En have smooth boundary and are Ehrhard symmetric. Thus, 

11 



for every n G N, there exists a smooth function n„ such that < m„ < 1, £"„, = ESm{un), 
Un ^f u in L1,^(]R'"), and 






Since, by Proposition 14.41 the functional /jg„ y/U{u)'^ + |-D-y^ttP(i7m is lower semicontin- 
uous in L^^(]R"^), we get 

P^(^) = lim P^{En) 

n— 5>oo 
= lim / JuiUn)"^ + \D^^Un\'^djrn 

The other inequality follows as in [15]. Let E = Ilm+i{E) C M™"*"^ and observe that 
-fm+i{E) = l{E) and P^^^^{E) = Py{E). By Vol'pert Theorem (2l Th. 3.108] there 
exists a set -B C M'" such that for every x ^ B, f^_,_j^(x, a{uE{x))) exists and is not equal 

to zero, where i^m+i denotes the last coordinate of the unit external normal to d*E. By 
[15^ Lemma 4.4], 7m-almost every x € .B is a point of approximate differentiability for u. 
By Lemma 4.5 and 4.6 of [15] we then have 

^7^+1 (E) = P^^+i (E, BxR)+ P^^^^ {E, B' X M) 

JB JB'= JB'= 

As ^miB^) = 0, we find that 

JB J B'^ JM™ 

and thus P^{E) = P^„+, {E) < f^^ ^/U{uY + \D^^u\^d-im. □ 

The last transformation that we consider is the analog of the Schwarz symmetrization in 
the Gaussian setting, and was first introduced by Ehrhard in [19] . 



Definition 3.10. Let u S X — )■ M he a measurable function and let m £ N be fixed. We 
define the m- dimensional Ehrhard symmetrization u* of u as follows: 

• for all t gM. we let E^ be the Ehrhard symmetrization of Et := {u > t} with respect 
to the first m variables; 



12 



we let u*{x) := inf{t : x e E^}. 
As (jlj) implies 7({^i* > t}) = ^{{u > t}) for all t G M, from the Layer Cake formula it 



follows that, if n G L'i{X), then u* G L'i{X) and 



u*\^dj= / |n|^(i7. (6) 

X Jx 

Indeed, we have 

/■+00 ^0 

npd7 = 2/ tj{{u>t})dt-2 tj{{u<t})dt 

X Jo J-oo 

f-+oo rO 

2 t-i{{u >t})dt-2 t-i{{u <t})dt 

Jo J-OD 

,*|2, 



\u I (37. 

X 
Lemma 3.11. Let u,v : X ^ [0,+oo) belonging to L'i{X), then 

lk*-^1lL2(X) < h-^llL2(X)- (7) 

Proof. The proof is a straightforward adaptation of the analogous proof for the Schwarz 

symmetrization |25( Th. 3.4]. 

Recalling ([6]) with p = 2, we have only to show that 

uvdj < / u*v*d'j. (8) 

X Jx 

Again by the Layer Cake formula we have 



00 /■+00 



uvd-y= / / / X{u>t}{x)X{v>s}ix)d'y{x)dtds. 

X Jo Jo Jx 

Thus ([8]) would follow from the same inequality for sets, that is, 

-f{Ar\B)<-/{A*r\B*). (9) 

Let Xm S I^"* and assume that 

XAixm. + y)d'y^{y) > / XB{xm + y)d'y^{y) 

x^ Jx^ 

then by definition of the Ehrhard symmetrization we have 

B* n {x^ + x^) cA*n (x™ + x^) 

13 



and therefore 



XA*iXm + y)XB*ix,n+y)djrn.iy)= / XA'iXm + y)d'y,niy) 

XA(.Xm + y)dj:^{y) 

XJ, 



> / XAixm + y)xB{xm. + y)d-ym{y) 

Jx^ 

This inequahty also holds if j^^ Xsixm + y)d'y^{y) > fx± XA{xm + y)'^7m(y) so that 
nnahy 

j{A*nB*)= / XA*{x + y)xB*{x + y)dji{y)djm(.x) 

Jx^ Jxj= 



> / Xa{x + y)xB{x + y)d'y^{y)d'yrnix) 

Jxm Jx^ 

= -f{AnB) 

which gives Q. D 

As for the Schwarz symmetrization, a Polya-Szego principle holds for the Ehrhard sym- 
metrization. 

Proposition 3.12. Let u E H}^{X), letm^'H and let u* he the m-dimensional Ehrhard 
symmetrization of u. Then u* £ H} and 

I \VHu\ld-f< [ \VHu\ld-f. (10) 

Jx Jx 

Moreover, if m = 1 and equality holds in (llOp , then 

u = u i h{x) I for some h G T-L , 



and h can be chosen to be a unitary vector. 

Proof. In |191 Th. 3.1], inequality (|10p is proven for Lipschitz functions, in finite dimen- 
sions. We extend it by approximation to Sobolev functions. 

We can assume u > 0, since we have (u^)* = (u*)^, where u^, (u*)^ denote the positive 
and negative part of u and u* , respectively. 

Let Un G TCl{X) be positive functions converging to u in H^{X), then by ([7]), u* 
converges to u* in L^(X) and thus by the lower semicontinuity of the H}^{X) norm we 
have 

/ \'^HU*\l < lim /" {VhKII < lim / \VHUn\l = f \Vhu\1. 

J X n— >oo J X n— >oo J X JX 

14 



We now turn to the equality case for one-dimensional synmietrizations. For this we closely 
follow [To] and give an alternative proof of (jlOp . based on ideas of Brothers and Ziemer 
[9] for the Schwarz symmetrization. 

Let u G H}^{X) and /i(t) = 7({n > t}) = 7({u* > t}). By the coarea formula ([3]), for all 
t S M we have 

fi{t) = 7({n >t}n {Vhu = 0}) + / ( / T^r-r d\DjXE^ I I dr. 

Hence 

-fi'{t)> — 7-d\D^XEt\ fora.e. tGM. (11) 

J{Vh«7^0} \^hu\h 



Since u* is a function depending only on one variable, arguing as in [T3] we get 

— -f({u* >t}n {Vhu* = 0}) = for a.e. t G R. 
at 

As u* is monotone we have that \'Vhu*\h is constant on {u* = t}n{V//ii* ^ 0}. Observe 
also that, being u* one-dimensional, {u* = t} has a well defined meaning. We thus find: 

,, , P-yiiu* >t}) , 

-fi'it) = -1^1- i^ for a.e. t G M, 

which implies, recalling (jlip . 

P^iiu* > i}) > f — ^— d\D^XE,\ for a.e. i G M. (12) 



Let us note that as in [lOl Lem. 4.2], using ^ with 5^ = X{\7hu=o} ^^ ^'^^ 

/ X{v„«=o}|VHn|/^d7 = 0= / / X{VHU=o}d\DyXEt\{x) dt 
Jx Jr Jx 

and thus for almost every t G M, 

/ X{VHU=o}d\D^XEt\{x)=Q. 
Jx 

This shows that for almost every t G M, V hu{x) ^ for |D^X£;J-almost every x £ X and 
thus 

/ ,^ ^ , d\D^XEMx) = I ,^ \ d\D^XEMx) for a.e. t G M. (13) 

J{^HU^o} \^hu\h Jx \^hu\h 
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By ([3]), (15]),([T2]) and ([TSD, we eventually get 

/ \VHU*\^dj = I \VHU*\{u,=tyP^i{u* >t})dt 
Jx JR 



P-,i{n*>t}) 



|VHM*|{„.=t} 






< 



/ / \Vhu\h d\D^XEt\{x) dt 
Jr Jx 



{Vnuljjd'y. 



X 



As a consequence, if equality holds in ([10]) . then equality holds in the Gaussian isoperi- 
nietric inequality, that is, 

P^(u > t) = P^{u* > t) for a.e. t G M. 

This implies that almost every level-set of n is a half-space, i.e. for almost every t G M 
there exists ht & Ti such that {u > t} = {ht < a{fi{t))}, and without loss of generality we 
can assume that \ht\H = 1- Such half-spaces being nested, by Lemma 13.21 we have that 
ht does not depend on t and thus u{x) = v{h{x)). D 



Remark 3.13. We notice that the fact that equality in (|10p implies that u is one- 
dimensional is a specific feature of the Gaussian setting, and the analogous statement does 
not hold for the Schwarz symmetrization in the Euclidean case [9]. Indeed, this property is 
a consequence of the fact that Gaussian measures, differently from the Lebesgue measure, 
are not invariant under translations. 

4 Relaxation of perimeter 

In this section we compute the relaxation of the perimeter functional 

( P^iE) ifu = XE 

F{u) : = 

I +00 otherwise 
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with respect to the weak L^(X)-topology. The fact that F is not lower semicontinuous can 
be easily checked by taking the sequence En = {(a;*,a;) < 0}. Indeed, the characteristic 
functions of these sets weakly converge to the constant function 1/2, which is not a 
characteristic function, while the perimeter of E^ is constantly equal to l/v2vr. 
We will show that the relaxation of F is equal to 

-, \ JW^iu) + \D^u\'^d-i if < u < 1 7 - a.e. 

Fiu) := < Jx^ 

y +00 otherwise 

where 

/ ^W{u) + \D^u\H^ = j ^W{u) + \VHu\ld^ + \Dt^u\{X) 

with D^u = VHudj + D^u. Observe that the functional F already appears in the seminal 
work of Bakry and Ledoux [6] and in the earlier work of Bobkov [7] in the context of log- 
Sobolev inequalities. This functional has been also studied in [10]. See also [H Remark 
4.3] where it appears in a setting closer to ours. 

Let us first recall the definition of the lower semicontinous envelope of a function (see 
[16] for more details). 

Definition 4.1. Let X be a topological vector space. For every function F : X ^ M, its 
lower semicontinuous envelope (or relaxed function) is the greatest lower semicontinuous 
function that lies below F. 

When X is a metric space, the following caracterization holds. 

Proposition 4.2. Let X be a metric space. For every function F : X ^ M, and every 
X G X, the relaxed function F is given by 

F{x) = inf < lim F{xn) ■ Xn — )• 

yn—^oo 

We now show a representation formula for F which is reminiscent of the definition of 
the total variation and of the nonparametric area functional (see [23] ) . We start with a 
preliminary result. 

Lemma 4.3. Let g G L°°{X) with g > 0, let fi e M{X, H), and define 



where ^ = h^ + ^i^ . There holds 

f{g,fi){X)= sup \ [ [<^,dfi]H+ [ g^dj: \^\j, + \^\^<ls..e. in x]. (14) 

>S>eL},(X.H) l-JX JX ) 



«6Ll(X) 
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Proof. The proof is adapted from [T7] . 

Notice first that, for {X,p) G M x //, the function f{X,p) := \/ X"^ + Iplfj defines a 

norm on the product space R x H. Moreover, if we let fx{p) := \/A^ + |p||^, then the 



convex conjugate of fx is /^($) = —X\/l — |<^||^- We divide the proof into three steps. 
Step 1. Let 

M(5,/x) = sup \ [^,d^x]H + / g\ll-\^]jd-i : \^h < 1 a.e. in X I . 
<I>GL1(X,H) Ux Jx ^ ) 

We will show that 

M{g,hj)= [ f{g,h)dj. (15) 



Jx 

By definition of convex conjugate, it is readily checked that M{g, hj) < J^ f{g, h)d'y. We 
thus turn to the other inequality. By definition of the Bochner integral, for every 5 > 0, 
there exists hi £ H and Ai C X with Ai disjoints Borel sets and i G [^,m] such that if 
we set 

m 
i=l 

then \6 — h\ii < 5. Analogously there exists r]i G X such that setting 

m 

1=1 

we have \g — g\i^i < 5. By the observation at the beginning of the proof and the triangle 
inequality we get 

1/(5, e) - f{g, h)\<f{g-g,e-h)\<\g-g\ + \e- h\H. 

For every i, by definition of convex conjugate, there exists ^i £ H with \ii\H ^ 1 such 
that 



f{Vi,hi) < [Ci,hi]H + Viy'^-\^i\H + ^- 
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From this, setting <& = Y^^i XAiCi we have 

fi9,h)d^< I f{~g,e)d^ + 25 
Jx 

m „ 

= Y1 / fiVi,hi)dj + 26 

= / [<!>, /i]j^ + ^^l-|$|2,(i7 + 3.5. 



Since ^^ 1 - 1$!^ " 5-^/1 - l^lj^ | < |5 - ffl we find 

/ f{9,h)dj< I ^■h-g^l-\md^ + A6 
< M{g, hj) + A6. 

Since 5 is arbitrary we have M{g, hj) = j^ f{g, h)d'y. 

Step 2. The proof proceeds exactly as in |17j and we only sketch it. Recalling (jlSp . it 
remains to show that 

Mig,h^ + ^l') = M{g,h^) + \fi'\{X). 

One inequality is easily obtained, since 

M{g,h-f + fi')= sup / [^,h]Hd-f+ ^■dfi'+ g{x)Jl-\^\jjdj 
* Jx Jx Jx ^ 

< (sup I ['P,h]Hdj + j g{x)^l-\md^\+ j \d^l'\ 
= M{gM) + \l^'\{X). 
For the opposite inequality, let (5 > be fixed then there exists <^i and $2 such that 

M{g,h^) < I [^i,h]Hd-i+ f g{x)^Jl-\^i\jjd-f + 6 

\fi'\{X)< [ [^2,dfx']H+S. 

Jx 
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Taking $ equal to $2 on a sufficiently small neighborhood of the support of fi'^ and equal 
to $1 outside this neighborhood, we get 

<M{g,hj + fi') + CS 

which gives the opposite inequality. 

Step 3. In order to conclude the proof, it is enough to notice that for every <l> € L]^{X, H), 

with l^li^ ^ 1; we have 

sup I / [<^,dfi]H+ I g^dj: |$||^ + |eP< la.e. inxl 
?eL,\{x) Ux Jx i 

= I [^,d^AH+ f g^i-\^\ldj. 

J X J X 

n 

Proposition 4.4. Let u G BVy{X) then 
F{u)= sup I f {udw^<^ + U{u)Odj : \^{x)\'jj + \^{x)\'^ < l^x £ x\ . (16) 

Proof. We apply Lemma 14.31 with fi = Du and g = U{u). Since /i is tight [1], the space 
J-Cl{X, H) is dense in L]^{X, H) so that we can restrict the supremum in p6p to smooth 
cylindrical functions ^, S,- D 



Remark 4.5. Since U is concave, the duality formula (I16p is not sufficient to prove that 
F is lower semicontinuous for the weak L^(X)-topology. It shows however the lower- 
semicontinuity of F in the strong L^(X)-topology. 

We now prove that F is the lower semicontinuous envelope of F. 

Theorem 4.6. F is the relaxation of F in the weak L/i{X) -topology. 

Proof. Let us first notice that F takes finite values only on functions of the closed unit 
ball of L'i{X) which is metrizable for the weak convergence. Therefore the relaxation and 
the sequential relaxation in the weak topology of L^(X) coincide. 

Let xe„ be a sequence of sets weakly converging in L^(X) to n G BV.^{X), with 
uniformly bounded perimeter. We shall show that 

lim P-y{En) >F{u). 

n— >oo 
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Notice that, by weak convergence, we necessarily have < u < 1 a.e. on X. 

For ah n > 1 and /c > 2, we let E^ be the Ehrhard symmetral of £"„ with respect to the 

first k variables. Recalling the notation of Section [3l we have 



P^ {E^+' ) < P^ {En) and i?^^ = ESk (E,,Xij„ ) • 

As / I LJ^Efc (x_B„ ) I ii" < P^iEn) and Efc(x_B„) depends only on the first k variables, by the 

Jx 
compact embedding of i?Ky^,(M''") into L^^(R'^) we can extract a subsequence from Efc(x_E;„) 
which converges strongly to u^ := Efc(ti). From this we get that E^'^^ = ES^i^kXEn) 
tends strongly to E^^ := ESk{u ). By the lower semicontinuity of the perimeter we 
then have 

lim P^{En) > lim P^{E^:^^) > P^{E^+^). 

n— >oo n— >oo 

For every (p G FCl{X), with Lp depending only of the j < k first variables, there holds 

/ XEk+i{x)^{x)d7{x) = / Uk{x)ip{x)d'y{x) = / u{x)ip{x)d'y{x), 
Jx Jx Jx 

which implies that the sequence Xe^+i tends weakly to u. In order to conclude the proof 
it remains to show that 

lim P^{E''^^) =F{u). 

k—^oo 

Notice that, by Proposition 13.91 there holds 

P^{E''+^) = F{u''). 

For every <I> G FC^{X,H) and ^ € FC^{X), depending on the first k variables and such 
that the range of <1> is included in Hk-, by Proposition 14.41 we have 

/ iv!' diw^^ +U{u'')i\ d-i = I {ud:w^^+U{u)i)d-i<T{u). 



Taking the supremum in $, ^ and recalling (jl6|) . we then get 

F{u^) < F{u) for aU k. 

Repeating the same argument with u '^^ instead of u, we obtain that F{u ) is nonde- 
creasing in k. Therefore there exists £ > such that 

lim F(n^) = lim P^{E^^'^) =t< F{u). 

fc— ^oo k—^oo 
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Assume by contradiction that i < F{u). Then there exists 5 > such that F{u^) < 
F{u) - 5 for ah k, hence there exist iV G N, $ G ^Cl{X, H) and ^ G J"C^(X), depending 
only on the first N variables, such that 

but for k > N we have 

which leads to a contradiction. D 

Remark 4.7. Theorem 14.61 provides an example of a nonconvex functional, namely F, 
which is lower semicontinuous for the weak L^(X)-topology. We also know that semicon- 
tinuity does not holds for general functional of the form 



since if we take for instance f{u,p) := \/gHu) + \p\^ with g such that gf(l/2) > lA{l/2) 
and 5f(0) = g{\) = 0, then, letting n„ := {(x*,x) < 0}, we have Un ^^ u = 1/2 weakly in 
L^(X), so that 

J(«)=9(i)>"(0=^=tei("«)^ 



One could wonder what are the right hypotheses for a functional of this form to be lower 
semicontinuous with respect to the weak topology. 

5 F-limit for the Modica-Mortola functional 

Let us briefly recall the definition of F-convergence. We refer to [16] for a comprehensive 
treatment of the subject. 

Definition 5.1. Let X be a topological space, and let Fn : X ^- M be a sequence of 
functions. The T-lower limit and the T-upper limit of the sequence Fn is defined as 

(r — lim Fn){x) = sup lim inf Fn{y) 

n—>-oo U&Af{x) n—^oo J/SC 

(r — lim Fn){x) = sup lim inf Fn{y) 

where N{x) denotes the set of all open neighbourhoods of x in X . When the T-lower limit 
and the T-upper limit coincide, we say that the sequence Fn T-converges. 
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As for the relaxation, if X is a metric space we have a sequential caracterization of the 
F-convergence. 

Theorem 5.2. Let X be a metric space. A sequence of functions F^ T-converges to 
F : X ^M if and only if the following two conditions hold: 

• for every sequence x„, converging to x, it holds lim Fn{xn) > F{x) 

n—^oo 

• for every x £ X there exists a sequence x^ converging to x with lim Fn{xn) < F{x). 

n— >oo 

Let now W G C^(M) be a double- well potential with minima in {0, 1}, that is, W{t) > 
for aU t G M, and W{t) = iff t G {0, 1}. We also assume W{t) > C{t^ - 1) for some 
C > and t G M. A typical example of such potential is W{t) = t^{t — 1)^. 
For any e > we define the functionals F^ : L'^{X) — t- [0, +oo] as 

F,(n):=<j -^^^^ ^ ^ 

+00 if nGL2(X)\/7^(X). 

We are ready to prove our main F-convergence result. 

Theorem 5.3. When e tends to zero the functionals F^ T-converge, in the weak topology 
of L'^{X), to the functional cy/F, where cw = Jq \/2W{t) dt. 

Proof. Notice first that the F-limit does not change if we restrict the domain of F^ to the 
functions u G H},{X) such that < u < 1. This follows from the following two facts: 

- for all u G H}.{X), letting u = min(max(ti,0), 1), we have F£{u) < -Fe(u); 

- F^{u) > J-^ — —d'y for all u G H}.{X), which implies that the F-limit is concentrated 
on the functions u G L'iiX) such that u{x) G {0, 1} for a.e. x G X. 

Since the restricted domain is contained in the unit ball of L^(X), which is metrizable 
for the weak L^(X)-topology, by Theorem 15.21 the F-limit and the sequential F-limit of 
Fir coincide. 

We now compute the F-liminf of F^ . 

Let Us G H}.{X) be such that < Ug < 1 and F^^u^) < C for some C > 0. Then 
J-^W{us)d'y < Ce, which gives a uniform bound on ||ite||L2(x) recalling that W{u) > 
C{u'^ — 1). As a consequence, there exists a weakly converging subsequence, still denoted 
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by Ug. Letting u be its weak limit, from < n^ < 1 we get < u < 1. Using the coarea 
formula ([2]), we obtain the estimate 



> I ^2W{u,)\VHu\Hdj 
Jx 

= I y/2W{t)P^{{Ue>t})dt. 

Jo 



Fix now (5 > 0. From the fact that 7 {{6 < Ug < 1 — 6}) — t- as e — )• 0, it follows that, 
for every sequence te G [5, 1 — 5], then functions X{u.>ts} tend weakly to u in L^(X). For 
every e > let us choose t^ £ [5,1 — 5] such that 



/ ^/2W(t)P^{{Ue > t})dt >([ y^2W(t)dt] P^{{Ue > t,}). 

Then, by Theorem 14.61 we have 

lim Fe{ue) > lim ( / y^2W{t)dt) P-y{{ue > t J) 
>( I ^y2W{t)dt\ F{u) . 

Since 6 is arbitrary we get the F-liminf inequality. 

The F-limsup is done similarly to the (Euclidean) finite dimensional case |291 [28] . Since 
F is the relaxation of F in the weak L^(X)-topology and since we can approximate sets 
of finite perimeter by smooth cylindrical sets by Proposition \2.b\ for every u G BV.y{X) 
with < u < 1 there exists a sequence En of smooth cylindrical sets with XEn converging 
weakly to u and such that P^{En) tends to F{u). This shows that we can restrict ourselves 
to smooth cylindrical sets for computing the F-limsup of F^. 

Let m G N and E = n~^(£'m), where E^n C M™ is a smooth set with finite Gaussian 
perimeter, and let 

d"{x,E):=d{Iim{x),Ern) 

where d(x,Em) is the usual distance function from Em in M"^. Notice that 

d {x, E) = -mm{\x — y\H',y £ E,x — y (^ H}, 
moreover d^ is differentiable almost everywhere with \VHd^{x,E)\H = 1. 
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Let 5>0,as := max{W{t) : t G [0, 5] U [1 - 6, 1]} and define Ws, Hs : [0, 1] ^ M as 

Ws{t) := 



as [fO<t<d 
W{t) ii6<t<l-6 
as iil-5 <t<l. 



Jo Jm, 



zds. 



V^Wsis) 
Finally let r]s be the usual truncated one-dimensional transition profile defined as 

{0 if t < 

Hs\t) ifO<t<Hs{l) 
1 ■iit>Hs{l). 

Observe that 7]s is a Lipschitz function which verifies -^ = Wsirjs). We then set 



Ue{x) := ris 



We finally have 



i^.(u.) = /^(||V.n.|U^M7 



< j^{^l^\yHUe\l + 



Ws{u,) 



d'y 



e ,2fdiUmix))\ f\VHd{Ilm{x))\ 



1 ,2fd 



2"^' U 



+ Ws[m[- 



\Vd\ 



d-/ri 



HsW 



ri's\t) 



+ Ws{m{t))\p^^{{d>Et])dt. 



The proof is completed since for every t G [0, -ff5(l)], P-f^iid > et}) tends to P.y^{Em) as 
e — )• 0, and 



Thus we have 



2 +Ws{ris{t))\ dt = j ^2Ws{t)dt. 



limF,(n,) < (J y/2Ws{t)dt] P^^{Em), 
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which gives the desired inequahty letting 5 — )• and m — )■ +00. D 

Remark 5.4. As in the Euchdean case, a similar result can be proven for the volume 
constrained problems. In this case, the proof of the F-liminf is exactly the same as in 
Theorem 15.31 ^^^ the F-limsup is also very similar. The only difference comes from the 
fact that we have to adapt the recovery sequence to have the right volume, and this can 
be done as in [28] by slightly translating rjs- 

We now state some simple implications of the F-convergence result. 

Proposition 5.5. Let in G [0, 1] and Ue he a minimizer of 

mi„ /■(i|vrf„ + ^)d. (17) 

then Ug = fe(/ie(x)) for some hs € 7i with \he\H = 1 and some v^ minimizer of the 
one- dimensional problem 

J2,.. , (' W{V) 



min / -v'^d-i+ I — ^^^71. (18) 

in particular, v^ (strongly) converges to the characteristic function of a half-line. 

Proof. For every u G -ff^(X), by Proposition 13.121 we have f-^u*d'y = f^ud'y and 
F'ei'^*) ^ ^e{u), with equality only if u is of the form u{x) = v{h{x)) for some h £ Ti 
with \h\H = 1- Using that h is the limit in L'i(X) of linear functions of the form R*x*, 
it is readily seen that V///i = h, and thus we get 

Therefore problem (|17p reduces to the one-dimensional problem (|18p . 
Using the compact embedding of if.^^(M) in L^j(M) (see [H Th. 4.10]) and the direct 
method of the calculus of variations, we get that (jlSp has a minimizer. Moreover, by the 
F-convergence of the one-dimensional functionals in the strong L'i (M)-topology towards 
the a multiple of the perimeter (which can be obtained exactly as in the classical Modica- 
Mortola Theorem since compact embedding of BVy^(W) in Lj,j(]R) holds), we find that 
every sequence of minimizers v^ of (jlSp has a subsequence strongly converging towards 
the characteristic of the half-line of measure m. D 

We finally give another convergence result for the prescribed curvature problem in case 
of uniqueness of minimizers. 
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Proposition 5.6. Let g G L^(X), then the following assertions are equivalent: 

• the functional 

Fg{E) = P,{E) + [ gd^ (19) 

Je 

has a unique minimizer in the class of sets of finite perimeter; 

• the functional 

Fg{u) = F{u)+ I ugdj (20) 

Jx 

has a unique minimizer in BV^{X). 

Moreover, when this holds the two minimizers coincides. Finally, if n^ is a sequence in 
HhX) satisfying 



sup iFe{Ue) + / Uegd-fj < C 



for some C > Q, then u^ has a subsequence strongly converging to xe in L'i{X), where E 
is the common minimizer of ()19p and ()20p . 



Proof. We first notice that the problem (J19p always has a solution. Indeed, arguing as 
in J12j , if En is a minimizing sequence for (J19p , it has a subsequence weakly converging 
to some u € BV^{X). By the lower semicontinuity of the total variation and the coarea 
formula we then have 

inf (P^{E) + / gd-y] > [ \D^u\h+ [ ugd-f = [ I Pj{{u > t}) + [ g{x)d-f{x) ] dt 
^ V Je J Jx Jx Jo \ J{u>t} J 

and thus the sets {u > t} minimize Fg for almost every t. As F is the relaxation of the 
perimeter we have that the minimum values in (J19p and (|20p are the same and thus any 
minimizer of Fg is also a minimizer of Eg. This shows that if uniqueness does not hold 
in (fT9|) then it does not hold in ([20]) . too. Now, if u is a minimizer of Eg, applying the 
coarea formula once again we get 

inf Fg{E) = Fg{u) > I \D.iu\h + I ugd-f = I ( P.y{{u > t}) + I g{x)d-f{x) ] dt. 

^ Jx Jx Jo \ J{u>t} J 

As above, this implies that {u > t} solves (J19p for almost every t. Therefore, if the 
minimizer of Eg is not a characteristic function, then uniqueness does not hold neither 
in ()19p nor in (j20p . This proves the first part of the Proposition. 

The second statement easily follows from Theorem 15. 31 Indeed, as the functionals Fi,{u) + 
f-^ugdj F-converge to Eg in the weak L^(X)-topology, for every sequence u^ bounded 
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in energy, there exists a subsequence weakly converging to xe (where E is the unique 
minimizer of (|19p and ()20p ). However, by the lower semicontinuity of the norm, 

7712 > lim WusWlUx) > \\xe\\l?,{x) = m^ ■ 

Thus ||ii£||i2(jY) converges to ||X-e||l2(x)i which implies the strong convergence oiu^. D 

Remark 5.7. In [24j . we provide an example of functionals for which uniqueness of 
minimizer s holds, namely 

P^{E)+ [ {g-X)dj 
Jx 

where ^r : X — )■ M is convex and A G (0, +oo) is large enough. 

References 

[1] L. Ambrosio, G. Da Prato and D. Pallara, BV functions in a Hilhert space 
with respect to a Gaussian measure, Rend. Ace. Lincei, to appear. 

[2] L. Ambrosio, N. Fusco and D. Pallara, Functions of hounded variation and 
free discontinuity problems, Oxford Science Publications, 2000. 

[3] L. Ambrosio and A. Figalli, Surface measures and convergence of the Ornstein- 
Uhlenheck semigroup in Wiener spaces, Ann. Fac. Sci. Toul. Math., to appear. 

[4] L. Ambrosio, S. Maniglia, M. Miranda Jr. and D. Pallara, BV functions 
in abstract Wiener spaces J. Funct. Anal. 258(3):785-813, 2010. 

[5] L. Ambrosio, M. Miranda Jr. and D. Pallara, Sets with finite perimeter in 
Wiener spaces, perimeter measure and boundary rectifiability, Discr. Cont. Dyn. 
Syst. A 28:591-606, 2010. 

[6] D. Bakry and M. Ledoux, Levy-Gromov's isoperimetric inequality for an infinite 
dimensional diffusion generator, Invent. Math. 123:259-281, 1996. 

[7] S.G. BOBKOV, An isoperimetric inequality on the discrete cube, and an elementary 
proof of the isoperimetric inequality in Gauss space, Ann. Probab. 25(1):206-214, 
1997. 

[8] V.I. BOGACHEV, Gaussian measures. Mathematical Surveys and Monographs 62, 
AMS, Providence, 1998. 

[9] J. Brothers and W .Ziemer, Minimal rearrangements of Sobolev functions, J. 
Reine. Angew. Math. 384:153-179, 1988. 

28 



[10] E. Carlen and C. Kerce, On the cases of equality in Bobkov's inequality and 
Gaussian rearrangement, Calc. Var. PDE 13:1-18, 2001. 

[11] V. Caselles, a. Lunardi, M. Miranda Jr. and M. Novaga, Perimeter of 
suhlevel sets in infinite dimensional spaces, Adv. Calc. Var, to appear. 

[12] V. Caselles, M. Miranda Jr. and M. Novaga, Total Variation and Cheeger 
sets in Gauss space, J. Funct. Anal. 259(6):1491-1516, 2010. 

[13] A. Cianghi, L. Esposito, N Fusgo and C. Trombetti, a quantitative Polya- 
Szego principle, J. Reine Angew. Math. 614:153-189, 2008. 

[14] A. Cianghi and N .Fusgo, Functions of bounded variation and rearrangements. 
Arch. Rat. Mech. Anal. 165:1-40, 2002. 

[15] A. Cianghi, N. Fusgo, F. Maggi and A. Pratelli, On the isoperimetric deficit 
in the Gauss space, Amer. J. of Math. 133(1):131-186, 2011. 

[16] G. Dal Maso, An introduction to V -convergence, Birkhauser, Boston, 1993. 

[17] F. Demengel and R. Temam, Gonvex functions of a measure and applications, 
Indiana Univ. Math. J. 33:673-709, 1984. 

[18] A. Ehrhard, Symetrisation dans I'espace de Gauss, Math. Scand. 53(2):281-301, 
1983. 

[19] A. Ehrhard, Inegalites isoperimetriques et integrates de Dirichlet gaussiennes, 
Ann. Sci. Ecole Norm. Sup. 17:317-332, 1984. 

[20] L. C. Evans and G. Gariepy, Measure Theory and Fine Properties of Functions, 
Studies in Advanced Mathematics, CRC Press, 1992. 

[21] M. FuKUSHiMA, BV functions and distorted Ornstein-Uhlenbeck processes over the 
abstract Wiener space, J. Funct. Anal., 174:227-249, 2000. 

[22] M. FuKUSHiMA and M. Hino, On the space of BV functions and a related stochas- 
tic calculus in infinite dimensions, J. Funct. Anal. 183:245-268, 2001. 

[23] E. GiuSTi, Minimal surfaces and functions of bounded variation. Monographs in 
Mathematics 80, Birkhauser, 1984. 

[24] M. Goldman and M. Novaga, Convex minimizers for infinite dimensional vari- 
ational problems. Preprint, 2011. 

[25] E. LiEB and M. Loss, Analysis, Graduate Studies in Mathematics 14, AMS, 
Providence, 2001. 

29 



[26] M. Ledoux, Isoperimetry and Gaussian Analysis, Lecture Notes in Math. 1648, 
Springer, pp. 165-294, 1996. 

[27] P. Malliavin, Stochastic analysis, Grundlehren der Mathematischen, Springer, 
1997. 

[28] L. MODICA, The gradient theory of phase transitions and the minimal interface 
criterion. Arch. Rat. Mech. Anal. 98:123-142, 1987. 

[29] L. MODiCA AND S. MORTOLA, Un esempio di V~ -convergenza. Boll. Unione Mat. 
Ital. 14(5):285-299, 1977. 



30 



